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Anisotropic dust lattice modes
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~Received 7 August 2000; published 22 December 2000!

Dust lattice~DL! wave modes in a one-dimensional plasma crystal suspended in the plasma sheath are
studied. The ion flow in the sheath introduces an anisotropy, in particular ‘‘ion wakes’’ below the crystal
particles. This leads to two types of transverse wave mode. It is shown that the ‘‘horizontal transverse mode’’
remains independent, but the ‘‘vertical transverse mode’’ and the longitudinal mode are coupled due to the
particle-wake interaction. The coupling can drive an instability of the modes close to the point where their
branches intersect. In addition, the particle-wake interaction might decrease the frequencies of the DL modes
considerably.
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Dust lattice~DL! waves are produced by the oscillatio
of regularly spaced charged micrometer sized particles
pended in a plasma—i.e., in so-called plasma crystals@1–3#,
which form as a result of strong mutual Coulomb interactio
There have been many publications on experimental and
oretical investigations of the DL modes in one- and tw
dimensional~1D and 2D! crystals @4–11#. Most investiga-
tions study longitudinal DL modes in 1D horizontal partic
strings, because the string model is very convenient from
point of view of both theoretical analysis and experimen
observation. In addition, the dispersion relation for the
longitudinal mode has been shown to be nearly coincid
with that for the 1D mode@8,12#.

Recently, the transverse DL mode was studied theor
cally @9,10#. It was shown that the dispersion relation of t
mode is described by optical-like characteristics. Howev
these studies did not take into account the inherent an
ropy of the systems that can be investigated experiment
Plasma crystals have to be supported electrostatically ag
the pull of gravity. This implies a strong vertical electric fie
~e.g., such as those formed in the plasma sheath reg!,
which in turn implies vertical ion flows that lead to the fo
mation of ‘‘wakes’’ underneath the suspended microsphe
@13,14#. The wake is created by the focusing of superso
ion flow around each particle. Hence horizontal transve
waves should be different from vertical transverse waves
this article we study longitudinal and transverse DL modes
a 1D horizontal particle string confined in a linear potent
well, taking into account the interaction of particles with t
wake. We demonstrate that the particle-wake interac
causes a coupling between the vertical transverse and lo
tudinal modes, and can cause an instability of the osc
tions. It is shown also that the particle-wake interaction
creases the frequencies of the DL modes. The results ca
easily generalized for the 2D case. Here we neglect the e
of the delayed charge variation that might drive an instabi
of the vertical oscillations@15,16#.

We use a simplified model of the wake shown in Fig.
Each particle has a negative charge2Q. The excess positive
charge of the wake downstream from the particle~along the
Z axis! is considered to be a pointlike effective chargeq
located at distanced. The particles form a 1D string with
equilibrium separationD. The string is oriented along th
1063-651X/2000/63~1!/016409~3!/$15.00 63 0164
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horizontalX direction; theY axis is perpendicular to theXZ
plane. Assuming that perturbations of the particle positio
do not affect the values ofQ, q, and d we can write the
energy of interaction between an arbitrary particle in t
string and a neighboring particle~together with the wake! in
the following form:

Upair5
Q2

DQ
e2DQ /l2

qQ

Dq
e2Dq /l, ~1!

whereDQ5A(D1x)21y21z2 is the distance between th
adjacent particles,Dq5A(D1x)21y21(d1z)2 is the dis-
tance between one particle and the effective wake charg
the adjacent particle, and (x,y,z) denote the variation of the
relative particle positions. We suppose that the interact
can be approximated by the screened Coulomb~Yukawa!
potential withl the screening length@17#. Note that the cou-
pling with the wake below a particle does not result in
force on this particle@18#, and thus the term corresponding
the qq interaction is omitted in Eq.~1!. The force on a par-
ticle associated with the coupling energy~1! is Fpair5
2]Upair/]r . Taking into account the nearest-neighbor inte
action only, we obtain the equation of motion for thenth
particle in the string,

r̈n12g ṙn5M 21~Fpair
n,n111Fpair

n,n211Fconf
n !. ~2!

Hereg is the damping rate due to neutral gas friction@19#, M
is the particle mass,Fpair

n,n615Fpair(rn612rn), and Fconf
n 5

2]Uconf/]rn is the force due to the external confinement

FIG. 1. Schematics of the model for the particle string with
wake. Dashed image shows the equilibrium position.
©2000 The American Physical Society09-1
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Uconf5
1

2
M ~VH

2 y21VV
2z2!, ~3!

where VH,V are the horizontal and vertical resonance f
quencies of the confinement potential, respectively.
small displacements,urn612rnu!min$D,d%, we can approxi-
mately write DQ.D1x and Dq.Dq01(Dx1dz)/Dq0

~whereDq05AD21d2). Then we derive from Eqs.~1!–~3!
the equations for the DL modes,

ẍn12g ẋn5Vxx
2 ~xn111xn2122xn!1Vxz

2 ~zn112zn21!,

ÿn12g ẏn52VH
2 yn2Vyy

2 ~yn111yn2122yn!,
~4!

z̈n12g żn52VV
2zn2Vzz

2 ~zn111zn2122zn!

1Vzx
2 ~xn112xn21!.

The squared frequenciesV i j
2 are

Vxx
2 5F212k1k22q̃K23

3S 313Kk1K2k2

K2
212Kk D e2(K21)kGV0

2 ,

Vyy
2 5@11k2q̃K23~11Kk!e2(K21)k#V0

2 ,

Vzz
2 5F11k2q̃K23

3S 11Kk2~K221!
313Kk1K2k2

K2 D
3e2(K21)kGV0

2 ,

Vxz
2 5Vzx

2 5q̃K25AK221~313Kk1K2k2!e2(K21)kV0
2 ,

~5!

where V0
25(Q2/MD3)e2k is the DL frequency scale,q̃

5q/Q is the ratio of the effective wake charge to the parti
charge,k5D/l is the lattice parameter, andK5Dq0 /D
[A11(d/D)2. Normally, the interparticle separation in th
plasma crystal is somewhat larger than the screening le
(k.1 –3!, whereas the distanced does not exceedl ~other-
wise, the significant volume charge in the wake cannot e
at all!. Thus, for typical experimental conditions we can s
K21. 1

2 (d/D)2!1. Then the frequencies from Eq.~5! re-
duce to

Vxx
2 .~12q̃!~212k1k2!V0

2[V i
2 ,

Vyy
2 .Vzz

2 .~12q̃!~11k!V0
2[V'

2 , ~6!

Vxz
2 5Vzx

2 .q̃~d/D!~313k1k2!V0
2[Vcoup

2 ,
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whereV i andV' are the frequencies of the longitudinal~x!
and transverse (y,z) DL modes, respectively, andVcoup
characterizes the coupling between thex and z modes in-
duced by the particle-wake interaction. We see that the w
might decrease the main frequencies of the DL modes c
siderably, via the factor (12q̃). Note that we neglect term
O(d/D)2 in Eq. ~6!.

For a traveling monochromatic wave, the particle d
placements arern}exp$i(vt2nkD)%, where k is the wave
vector,2p<kD<p. Substituting Eq.~6! in Eq. ~4! we ob-
tain the dispersion relation

@VH
2 24V'

2 sin2~kD/2!12igv2v2#

3$@4V i
2 sin2~kD/2!12igv2v2#

3@VV
2 24V'

2 sin2~kD/2!12igv2v2#

14Vcoup
4 sin2~kD!%50. ~7!

We see that in addition to the usual longitudinal DL mod
there exist two transverse modes—horizontal~y! and vertical
(z). The transverse horizontal mode@corresponding to the
first square bracket in Eq.~7!# is independent and has th
optical-like dispersion obtained in@9#:

~Rev!2.VH
2 24V'

2 sin2~kD/2!, Im v.g ~8!

~here and below we assume the damping to be relativ
weak,g!V0). This type of mode is aperiodically unstab
when 2V'.VH . Physically, this is because the particl
become too compressed and the confinement is no lo
sufficient to cause the linear chain to be an energetic
stable configuration.

The remaining two modes—the longitudinal~x! and trans-
verse vertical~z! @the expression in the curly brackets in E
~7!# are coupled. This coupling is relatively weak, sin
(Vcoup/V0)2}d/D!1 and therefore can only be important
the branches of these modes intersect at some point (v0 ,k0).
It follows from Eq. ~7! that this is possible when

2AV i
21V'

2 .VV . ~9!

Then the intersection point is determined by

v05
VV

A11~V' /V i!
2

, k0D52 arcsinS v0

2V i
D . ~10!

Far from the intersection point@or if the condition Eq.~9! is
not satisfied and the branches do not intersect at all# the
modes can be treated as independent. In this case the lo
tudinal ~x! mode is

Rev.2V i sin~kD/2!, Im v.g. ~11!

The coupling term results in small correctionsO(Vcoup
4 /V0

4).
The transverse vertical~z! mode is

~Rev!2.VV
2 24V'

2 sin2~kD/2!, Im v.g. ~12!
9-2
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Similar to the transverse horizontal mode@see Eq.~8!#, the
vertical mode is also aperiodically unstable if 2V'.VV .
Thus, we conclude that the linear particle chain cannot b
stable configuration when

2V'.min$VH ,VV%. ~13!

In experiments the vertical resonance frequency is norm
about 10–30 Hz@20,21#, i.e., VV;60–200 s21. The inter-
particle distance is of the order of the screening length
varies in the rangeD;50021000mm. Then in accordance
with Eq. ~6! we can estimateV';V i;V0;30–150 s21. If
VH;VV , then one can see from Eq.~13! that the instability
might be easily achieved in experiments. A similar effect c
also be observed in 2D plasma crystals when an increas
the particle density above a certain level results in the on
of instability @22#.

Now let us consider the conditions when Eq.~9! can be
satisfied, i.e., the longitudinal~11! and the vertical transvers
~12! branches can intersect at the point~10!. If the horizontal
confinement is much weaker than the vertical one,VH
!VV , then the instability condition~13! is satisfied more
easily than the intersection condition~9!, i.e., intersection is
impossible. In the opposite case, whenVH.VV , condition
~9! is satisfied before that of Eq.~13!, so that the branche
can intersect. Expanding Eq.~7! around (v0 ,k0) we obtain
.

ys

ys
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@v2v02 ig2V i cos~k0D/2!~k2k0!D#

3@v2v02 ig1~V'
2 /V i!cos~k0D/2!~k2k0!D#

52~Vcoup
2 /v0!2 sin2~k0D!. ~14!

One can see from Eq.~14! that the coupling results in an
instability which can exist within a narrow frequency ran
uv2v0u/v0;(Vcoup/VV)2!1,

Rev.v0 , Im v.g2~Vcoup
2 /v0!sin~k0D!.

Thus, when the neutral friction is sufficiently weak th
modes become unstable. For example, ifd/D;0.3 and q̃
;0.3, then Vcoup;0.3V0;10–50 s21. For a neutral gas
pressurep;1 Pa the friction coefficientg;1 s21 @19#, v0
;VV;100 s21, and therefore the instability can be ob
served atp&1 Pa.

In conclusion, we studied DL modes in a 1D horizon
particle string suspended in the plasma sheath, taking
account the anisotropy introduced by the interaction of p
ticles with the wake~which is caused by ion focusing down
stream of the particles!. We showed that, while the horizon
tal transverse mode remains independent, the vert
transverse and longitudinal modes are coupled due to
particle-wake interaction. We found that this coupling c
drive an instability of the modes close to the point whe
their branches intersect. In addition, we showed that
particle-wake interaction might decrease the frequencie
the DL modes considerably.
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